
Fall School on Geometry in Cryptogrophy and Communication

Exercise 1 - Basics of Algebra and

Error-correcting Codes

Alegbra

Q1. Which of the following is a group?

• ({0, 1, 2, 3},+), (N,+), (Z,+), (Z,×);

• (Q,+), (Q,×)

• polynomials Z[x] = {
∑

i aix
i}

Q2. List 3 examples of fields

Q3. Let f(x) = x4 + x+ 1 be the irreducible polynomial in F2[x] and

F24 = F2[x]
/
(f(x)) = {a0 + a1x+ a2x

2 + a3x
3 : ai ∈ F2}.

Assume each element in F24 is represented as (a0, a1, a2, a3) corresponding
to polynomials a0 + a1x+ a2x

2 + a3x
3. Calculate the following multipli-

cations:

• (1, 0, 1, 1)⊗ (1, 0, 0, 1);

• (0, 1, 0, 1)⊗ (1, 0, 1, 1)

Q4. Prove that for any β ∈ Fqn , Tr(β) = β + βq + · · ·+ βqn−1

belongs to Fq

Linear Codes

Q1. For the [7, 4, 3]2 Hamming code with a parity-check matrix[
1 2 3 4 5 6 7

]
where the columns are indexed by integers j where its 2-ary expansion
j = j0 + j12 + j22

2 gives the column [j0, j1, j2]
⊺. The standard array is

given by

• Build up the error-syndrome look up table and decode the following
words: 0111101, 1110110, 0011011
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• Check the standard array closely. Can we uniquely correct errors
e with Hamming weight two? For which errors of weight two, we
cannot uniquely correct?

Q2. Given a cyclic code C of length n with generator polynomial

g(x) = g0 + g1x+ · · ·+ gn−k−1x
n−k−1 + xn−k,

and parity-check polynomial h(x) = (xn − 1)/g(x) == h0 + h1x + · · · +
hk−1x

k−1 + xk. Verify the following matrix

H =


1 hk−1 hk−2 · · · h1 h0

1 hk−1 hk−2 · · · h1 h0

1 hk−1 hk−2 · · · h1 h0

. . .
. . .

. . .
. . .

1 hk−1 hk−2 · · · h1 h0


is a parity-check matrix of C.

Decoding of BCH codes

Let F24 be generated from the primitive polynomial f(x) = x4 + x + 1. Let a
binary [15, 7, 5]2 BCH code have a generator polynomial

g(x) = (x4 + x+ 1) ∗ (x4 + x3 + x2 + x+ 1).

Suppose Bob receives a word

r = (0, 0, 1, 0, 1, 0, 0, 1, 0, 1, 0, 1, 1, 0, 1).

• List the zeros βj of g(x) where βj = αj
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• Define an error polynomial of two terms:

e(x) = xi1 + xi2

• Write down the evaluation of the error polynomial as

e(βj) = e(αj) = αji1 + αji2 = βj
i1
+ βj

i2
= r(βj) = sj , j = 1, 2, . . . , 4

Arrange s1, s2, . . . , s8 in a column, check their expressions according to
the terms βj

i1
and βj

i2
.

• Define an error locator polynomial

σ = (1− βi1x)(1− βi2x) = 1 + σ1x+ σ2x

• Using the https://en.wikipedia.org/wiki/Newton%27s_identities to
establish the system of linear equations[

s2 s1
s3 s2

] [
σ1

σ2

]
=

[
s3
s4

]
• Solve the above equation and the corresponding error-locator polynomial
σ(x) = 0 by exhausting αj for j = 1, 2, . . . , 8

• Correct the errors in the word r
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